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ON THE ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO THE
BENJAMIN-ONO EQUATION
CLAUDIO MUN˜OZ AND GUSTAVO PONCE
Abstract. We prove that the limit infimum, as time t goes to infinity, of any uniformly
bounded in time H1 ∩L1 solution to the Benjamin-Ono equation converge to zero locally
in an increasing-in-time region of space of order t/ log t. Also for a solution with a mild
L1-norm growth in time, its limit infimum must converge to zero, as time goes to infinity,
locally in an increasing on time region of space of order depending of the rate of growth
of its L1-norm. In particular, we discard the existence of breathers and other solutions
for the BO model moving with a speed “slower” than a soliton.
1. Introduction and main results
This work is concerned with the initial value problem (IVP) associated to Benjamin-Ono
equation (BO) {
∂tu+ ∂x(∂xHu+ u
2) = 0, (t, x) ∈ R× R,
u(x, 0) = u0(x),
(1.1)
where H denotes the Hilbert transform
Hf(x) :=
1
pi
p.v.
(1
x
∗ f
)
(x)
:=
1
pi
lim
ǫ↓0
∫
|y|≥ǫ
f(x− y)
y
dy = (−i sgn(ξ)f̂(ξ))∨(x).
(1.2)
The BO equation was first deduced by Benjamin [3] and Ono [28] as a model for long
internal gravity waves in deep stratified fluids. Later, it was also shown to be a completely
integrable system (see [2] and references therein). Thus, the BO equation has followed the
same historical pattern of the celebrated Korteweg-de Vries (KdV) equation [17]
∂tu+ ∂
3
xu+ u ∂xu = 0. (1.3)
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1
2 BO decay estimates
As a completely integrable system solutions of the IVP (1.1) satisfy infinitely many con-
servation laws. The first three of them are
I1(t) =
∫ ∞
−∞
u(x, t)dx = I1(0), I2(t) =
∫ ∞
−∞
u2(x, t)dx = I2(0),
E(t) =
∫ ∞
−∞
(
(D1/2u)2 −
1
3
u3
)
(x, t)dx = E(0), Ds := F−1|ξ|sF .
(1.4)
The local well-posedness (LWP) and global well-posedness (GWP) of the IVP for the
BO equation in classical Sobolev spaces Hs(R) = (1− ∂2x)
−s/2
L2(R), s ∈ R has been
extensively studied: in [1] and [10] LWP was obtained for s > 3/2, in [29] GWP was
proven for s ≥ 3/2, LWP was established in [15] for s > 5/4 and in [13] for s > 9/8, in
[30] GWP was demonstrated for s ≥ 1, in [4] LWP was found to hold for s > 1/4 and in
[9] GWP was presented in H0(R) = L2(R), (for further details and results regarding the
well-posedness of the IVP associated to the BO equation (1.1) in Hs(R) see [25], [19]).
More recently, in [8] a different proof of the result in [9] was provided as well as some
description on the long time behavior of appropriate small solution to (1.1).
The above results have been obtained by “compactness methods”, since one can only
show that the map data → solution is just locally continuous. In fact, in [26] it was
established that for any s ∈ R the flow map u0 → u from H
s(R) to C([−T, T ] : Hs(R)) is
not locally of class C2 (see also [16]).
It was first deduced in [10] and [11] that, in general, decay of polynomial type is not
preserved by the solution flow of the BO equation. The results in [10] and [11] have been
extended to fractional order weighted Sobolev spaces and have shown to be optimal in [6]
and [7].
To make some of the above statements precise, we introduce the weighted Sobolev spaces
Zs,r := H
s(R) ∩ L2(|x|2rdx), s, r ∈ R, (1.5)
and
Z˙s,r := {f ∈ H
s(R) ∩ L2(|x|2rdx) : f̂(0) = 0}, s, r ∈ R. (1.6)
Thus, in particular:
(i) [6] Let u ∈ C([−T, T ] : Z2,2) be a solution of the IVP for the equation (1.1). If there
exist two different times t1, t2 ∈ [−T, T ] such that
u(·, tj) ∈ Z5/2,5/2, j = 1, 2, then û0(0) = 0, (so u(·, t) ∈ Z˙5/2,5/2). (1.7)
The solution flow of (1.1) preserves the class Z˙s,r for s ≥ r ∈ (1/2, 7/2).
(ii) [7] Let u ∈ C([−T, T ] : Z˙3,3) be a solution of the IVP for the equation (1.1). If
there exist three different times t1, t2, t3 ∈ [−T, T ] such that
u(·, tj) ∈ Z˙7/2,7/2, j = 1, 2, 3, then u(x, t) ≡ 0. (1.8)
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In this work we are concerned with the long time behavior of solutions of the IVP (1.1).
More precisely, we are interested in the “location” of the H1/2-norm of the solution which
is globally bounded, due to the conservation laws (1.4), as time evolves.
Here we shall asume that: ∃ a ∈ [0, 1/2) ∃ c > 0 such that ∀T > 0
sup
t∈[0,T ]
∫ ∞
−∞
|u(x, t)|dx ≤ c0 〈T 〉
a, 〈T 〉 := (1 + T 2)1/2. (1.9)
From the original proof of the so called local smoothing effect found in [12], see also
[18], several modified versions of this weighted energy estimates argument have been quite
successfully used, see for example the works [23] and [24]. These works are centered in
the understanding of the long time behavior around stable and unstable generalized KdV
solitons, i.e., positive speed solutions.
More related with the problem addressed here we have the variants found in the recent
works [20, 21, 22]. However, in the case treated here even under the strongest hypothesis
a = 0 in (1.9) we need a weight outside the cut-off function φ(·), see (3.1). This is a
consequence of the dispersive relation of the BO which is not strong enough to apply the
process as in [21] or [27]. This extra-weight allows us to close the estimate in a weaker form
than those obtained in [21] and [27], since it involves the lim inf instead of the standard
lim.
Also, to implement our approach we have to rely on estimates obtained in [14], which
requires a very specific cut-off function φ, see Lemma 2.1 and Lemma 2.2. In fact, one
observes that φ′(x) is a multiple of the soliton solution of the BO equation, see (1.15).
Our main result in this work is the following theorem:
Theorem 1.1. Let u = u(x, t) be a solution to the IVP (1.1) such that
u ∈ C(R : H1(R)) ∩ L∞loc(R : L
1(R)) (1.10)
satisfying (1.9). Then,∫ ∞
10
1
t log t
(∫ ∞
−∞
φ′
( x
λ(t)
)
(u2 + (D1/2u)2)(x, t)dx
)
dt <∞. (1.11)
Hence,
lim inf
t↑∞
∫ ∞
−∞
φ′
( x
λ(tn)
)
(u2 + (D1/2u)2)(x, t) dx = 0, (1.12)
with
λ(t) =
c tb
log t
, a+ b = 1, and φ′(x) =
1
1 + x2
, (1.13)
for any fixed c > 0.
4 BO decay estimates
Remark 1.1. Theorem 1.1 tells us that there exists a sequence of times {tn : n ∈ Z
+} with
tn ↑ ∞ as n ↑ ∞ such that
lim
n↑∞
∫
|x|≤
c tbn
log(tn)
(u2 + (D1/2u)2)(x, tn)dx = 0. (1.14)
Since the BO equation is time reversible the same result holds for the time interval
(−∞,−10]. We do not know how to prove (1.12) with lim instead of lim inf. Notice that
in the case a = 0 in (1.9) one has b = 1. Thus, roughly speaking, in this case such result
would comply with the statement of the so-called soliton resolution conjecture.
Remark 1.2. The result in Theorem 1.1 shows that the BO can not possess time periodic
non-trivial solutions (in particular breathers). However, from the argument in [27] this
result will follow by observing that a solution with mild space decay satisfies
d
dt
∫
xu(x, t)dx =
∫
u2(x, t)dx.
Remark 1.3. The assumption (1.10) can be deduced by assuming that u0 ∈ Zs,r with
s ≥ r > 1/2, see [6].
Remark 1.4. Note that solitons
u(x, t) = Qc(x− ct), Qc(x) =
4c
1 + c2x2
, (1.15)
are in the class (1.10), and they also satisfy (1.12).
Remark 1.5. Note that Theorem 1.1 works for nonintegrable perturbations of the BO
equation, as long as the solution is sufficiently small.
The rest of this paper is organized as follows: Section 2 contains all the preliminary
results needed in the proof of Theorem 1.1 which will be given in Section 3.
2. Preliminary estimates
We shall take
φ(x) =
pi
2
+ tan−1(x), λ(t) =
c tb
log t
, c > 0, 0 < b = 1− a, (2.1)
and recall that
φ′(x) =
1
1 + x2
, Hφ′(x) =
x
1 + x2
, Hφ′′(x) =
1− x2
(1 + x2)2
, (2.2)
(to simplify the argument without loss of generality we shall assume c = 1 in (2.1)).
In the proof of Theorem 1.1 we shall use the following inequalities :
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Lemma 2.1. For any f ∈ H1(R),
∫
(H∂xf) f φ
′
( x
λ(t)
)
dx ≤
c
λ(t)
∫
f 2 φ′
( x
λ(t)
)
dx, (2.3)
∣∣∣ ∫ (H∂xf) (∂xf)φ( x
λ(t)
)
dx
∣∣∣ ≤ c
λ(t)
∫
f 2 φ′
( x
λ(t)
)
dx, (2.4)
and for u ∈ L2, ϕ weight,
‖D1/2
[
D1/2;ϕ
]
u‖2 ≤ c‖∂̂xϕ‖1 ‖u‖2. (2.5)
Lemma 2.2. If u ∈ C(R : H1/2(R)) is a strong solution of the BO equation in (1.1), then
∫ ∞
−∞
|u(x, t)|3 φ′
( x
λ(t)
)
dx ≤ c
∫ ∞
−∞
(u(x, t))2 φ′
( x
λ(t)
)
dx, (2.6)
where c = c(‖u0‖2 ; ‖D
1/2u0‖2).
The estimates (2.3) and (2.4) were proven in [14] (Lemma 2 and Lemma 3, resp.). For
the proof of (2.5) we refer to a similar one in [5]. For the proof of (2.6) we refer to [14]
(Appendix 2).
3. Proof of Theorem 1.1
Multiplying the equation (1.1) by
1
ta log2(t)
φ
( x
λ(t)
)
, (3.1)
6 BO decay estimates
one gets that
d
dt
∫
1
ta log2(t)
φ
( x
λ(t)
)
u(x, t)dx
−
∫ ( 1
ta log2(t)
)′
φ
( x
λ(t)
)
u(x, t)dx︸ ︷︷ ︸
=:A1(t)
+
∫
1
ta log2(t)
x
λ(t)
λ′(t)
λ(t)
φ′
( x
λ(t)
)
u(x, t)dx︸ ︷︷ ︸
=:A2(t)
−
∫
1
ta log2(t)
φ
( x
λ(t)
)
∂2xHu(x, t) dx︸ ︷︷ ︸
=:A3(t)
−
∫
1
ta log2(t)
φ
( x
λ(t)
)
∂x(u
2(x, t)) dx︸ ︷︷ ︸
=:A4(t)
= 0.
(3.2)
Observing that ( 1
ta log2(t)
)′
∼
1
t1+a log2(t)
, as t ↑ ∞,
from the assumption (1.9) it follows that
A1(t) ∼
1
t log2(t)
∈ L1([10,∞)). (3.3)
Since
λ′(t)
λ(t)
∼
1
t
, as t ↑ ∞, (3.4)
and
x
λ(t)
φ′
( x
λ(t)
)
∈ L∞(R) uniformly in t ∈ [10,∞), (3.5)
one sees that
A2(t) ∼
1
t log2(t)
∈ L1([10,∞)). (3.6)
Similarly, after integration by parts, using (2.2) it follows that
∂2xHφ
( x
λ(t)
)
=
1
λ2(t)
1− (x/λ(t))2
(1 + (x/λ(t))2)2
, (3.7)
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with
1− x2
(1 + x2)2
∈ L∞(R).
Thus,
A3(t) ∼
1
(λ(t))2 log2(t)
∈ L1([10,∞)), if b > 1/2. (3.8)
Hence, integrating in time the identity (3.2), and combining the above results and some
integration by parts one concludes that∫ ∞
10
∫ ∞
−∞
1
ta log2(t)
1
λ(t)
φ′
( x
λ(t)
)
u2(x, t)dx dt
=
∫ ∞
10
1
t log(t)
(∫ ∞
−∞
φ′
( x
λ(t)
)
u2(x, t)dx
)
dt <∞.
(3.9)
Next, we multiplying the equation (1.1) by
1
ta log2(t)
φ
( x
λ(t)
)
u(x, t) (3.10)
to get, after some integration by parts, that
1
2
d
dt
∫
1
ta log2(t)
φ
( x
λ(t)
)
u2(x, t)dx
−
1
2
∫ ( 1
ta log2(t)
)′
φ
( x
λ(t)
)
u2(x, t)dx︸ ︷︷ ︸
=:B1(t)
+
1
2
∫
1
ta log2(t)
x
λ(t)
λ′(t)
λ(t)
φ′
( x
λ(t)
)
u2(x, t) dx︸ ︷︷ ︸
=:B2(t)
−
∫
1
ta log2(t)
φ
( x
λ(t)
)
(H∂2xu)(x, t) u(x, t) dx︸ ︷︷ ︸
=:B3(t)
+
2
3
∫
1
ta λ(t) log2(t)
φ′
( x
λ(t)
)
u3(x, t) dx︸ ︷︷ ︸
=:B4(t)
= 0.
(3.11)
8 BO decay estimates
As before one has that( 1
ta log2(t)
)′
∼
1
t1+a log2(t)
, as t ↑ ∞,
so from the preservation of the L2-norm of the solution it follows that
B1(t) ∼
1
t1+a log2(t)
∈ L1([10,∞)), ∀a ≥ 0. (3.12)
Similarly,
B2(t) ∼
λ′(t)
ta log2(t) λ(t)
∼
1
t1+a log2(t)
∈ L1([10,∞)), ∀a ≥ 0. (3.13)
From Lemma 2.2 one finds that
B4(t) ≤
c
t log(t)
(∫ ∞
−∞
φ′
( x
λ(t)
)
u2(x, t)dx
)
, (3.14)
which by (3.9) one has
B4(t) ∈ L
1([10,∞)), ∀a ≥ 0. (3.15)
It remains to consider B3(t) in (3.11) where
B3(t) = −
1
ta log2(t)
D3(t), (3.16)
with
D3(t) =
∫
H∂xu ∂xu φ
( x
λ(t)
)
dx+
1
λ(t)
∫
H∂xu u φ
′
( x
λ(t)
)
dx
= D3,1(t) +
D3,2(t)
λ(t)
.
(3.17)
By Lemma 2.1 (estimate (2.4))
|D3,1(t)| =
∣∣∣ ∫ H∂xu ∂xu φ( x
λ(t)
)
dx
∣∣∣ ≤ 1
λ(t)
∫
u2 φ′
( x
λ(t)
)
dx, (3.18)
with
φ′
( x
λ(t)
)
=
1
λ(t)
1
1 + (x/λ(t))2
.
Hence,
|D3,1(t)| ≤
1
λ2(t)
‖u0‖
2
2, (3.19)
so
1
ta log2(t)
|D3,1(t)| ∼
1
ta log2(t) λ2(t)
∈ L1([10,∞)), since a + 2b > 1. (3.20)
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Also writing
D3,2(t) =
∫
Duuφ′
( x
λ(t)
)
dx
=
∫
D1/2uD1/2u φ′
( x
λ(t)
)
dx+
∫
D1/2u
[
D1/2;φ′
( x
λ(t)
)]
u dx
= D3,2,1(t) +D3,2,2(t).
(3.21)
The total contribution of the term involving D3,2,1(t) is
1
ta log2(t) λ(t)
∫
(D1/2u)2 φ′
( x
λ(t)
)
dx. (3.22)
From Lemma 2.1 (estimate (2.5)) it follows that
|D3,2,2(t)| =
∣∣∣ ∫ uD1/2 [D1/2;φ′( x
λ(t)
)]
u dx
∣∣∣ ≤ c ‖ ̂∂xφ′( ·
λ(t)
)
‖1‖u‖2. (3.23)
Since
̂
∂xφ′
( ·
λ(t)
)
(ξ) =
1
λ(t)
̂
φ′′
( ·
λ(t)
)
(ξ)
with
φ′′(x) = −
2x
(1 + x2)2
,
using that in general
‖ f̂‖1 ≤ c (‖f‖2 + ‖ f
′‖2),
one has that ∥∥∥ ̂∂xφ′( ·
λ(t)
)
(ξ)
∥∥∥
1
∼
1
(λ(t))1/2
as t ↑ ∞.
So the total contribution of the term D3,2,2(t) in (3.16) and (3.17) is bounded by
1
ta log2(t) λ3/2(t)
∈ L1([10,∞)), since a+
3
2
b > 1. (3.24)
Gathering the above information we can conclude that∫ ∞
10
∫ ∞
−∞
1
ta log2(t)
1
λ(t)
φ′
( x
λ(t)
)
(D1/2u)2(x, t)dx dt
=
∫ ∞
10
1
ta+b log(t)
( ∫ ∞
−∞
φ′
( x
λ(t)
)
(D1/2u)2(x, t)dx
)
dt <∞.
(3.25)
10 BO decay estimates
Therefore, collecting the information in (3.9) and (3.25)∫ ∞
10
∫ ∞
−∞
1
ta log2(t)
1
λ(t)
φ′
( x
λ(t)
)
(u2 + (D1/2u)2)(x, t)dx dt
=
∫ ∞
10
1
ta+b log(t)
(∫ ∞
−∞
φ′
( x
λ(t)
)
(u2 + (D1/2u)2)(x, t)dx
)
dt <∞,
(3.26)
with
φ′(x) =
1
1 + x2
.
Since a + b = 1, and
η(t) :=
1
t log(t)
/∈ L1([10,∞)), (3.27)
from (3.9) it follows that there exists {tn : n ∈ N} with tn ↑ ∞ such that
F (tn) =:
∫ ∞
−∞
φ′
( x
λ(tn)
)
(u2 + (D1/2u)2)(x, tn)dx→ 0 as n ↑ ∞. (3.28)
Moreover, one can see that for any k ∈ N there exists tk ∈ [2
k, 2k+1) such that
F (tk) ≤
1
log(k)
. (3.29)
Above we have proved that∫ ∞
−∞
φ′
( x
λ(tn)
)
(u2 + (D1/2u)2)(x, tn)dx→ 0 as n ↑ ∞ (3.30)
with
λ(t) =
c tb
log(t)
, and a + b = 1. (3.31)
In particular, one has that
lim
n↑∞
∫
|x|≤
c tbn
log(tn)
(u2 + (D1/2u)2)(x, tn)dx = 0 (3.32)
which yields the desired result.
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